MATH 501 QUALIFYING EXAM Sept. 24 (Thur.), 1998
TIME: 11:00am - 3:00pm LocCATION: Neckers 356

YOUR NAME: YOUR: ID #:

Show all of your work. Also turn in all of your scratch papers.

# 1 (10pts) Give an example of a measurable space (X,X), and a function f on X to R which
is not X-measurable, but is such that the functions |f| and f? are X-measurable.

# 2 (10pts) If f € L,, 1 <p<oo,and if E={z € X : |f(z)| # 0}, then E is c—finite.
# 3 (15pts) Let (X, X, i) be a finite measure space, f is X-measurable. For each n = 1,2, -,
define the subset B, = {z € X : (n — 1) < |f(z)| < n}. Prove that f € L, if and only if

Zn”p(ER) < 400
n=1

where 1 < p < o0.

# 4 (15pts) If {f,} is a sequence in L(X, X, 1) which converges uniformly on X to a function f,
and if p(X) < 400, then
[ fan=tim [ fudp

#5 (20pts) Let (X, X, 1) be a finite measure space and 1 < p < 0o. Let G be a bounded linear
functional defined on L,(X, X, 1) such that

G(f)z:/ngdp for all f € L,

where the function g € M*(X,X). Prove that g € L, and ||G|| = ||g||; here 1/p+1/g=1.

# 6 (20pts) Let 1 < p < o0. If f, — f in Ly-norm (where f,, € L, and f is measurable). Prove
that

a) _fELp;
b) if g, — g in L, where 1/p+1/q=1 (9, € Ly for n=1,2,---), then f,g, — fg in L.

# 7 (10pts) Let A and p be two (positive) measures. Prove that A << (A + u). Also prove that
if 4 L (A= p) then p=0.

# 8 (20pts) Let (X, X, v) be any measure space and let f € L, and f € L,, with 1 < p; < ps <
co. Prove that f € L, for any value of p such that p; < p < p,.
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INSTRUCTOR: Salah Mohammed
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Answer all questions. Closed book and notes. Show all of your work. Please turn
in these sheets with your answers.

1. (25 points) Distinguish between an algébm and a o-algebra.

(a) Let C be the collection of all finite unions of intervals of the form (a, b], or
(b, 00), where —oco < a < b < c0. Is C an algebra? Is it a o-algebra? Justify
your answer.

(b) Let X,Y be non-empty sets. Suppose F and G are o-algebras of subsets
of X and Y respectively. Let f : X — Y be a mapping. Is f(F) a o-
algebra? Is f71(G) a o-algebra? If yes, justify your answer. If no, give
“counterexamples.

2. (25 points) Define what is meant by Lebesgue outer measure A\* on R. For
any subset A of R and «, 8 € R, define the set aA+ 8 := {az + 8 : z € A}.
Prove the following statements

(a) M (A + B) = |a|A*(A).

(b) A* is subadditive: for any sequence of sets A,,n > 1,

N (U 4n) € 5N (4n).

n>1 n>1

(c)If A is Lebesgue measurable, then so is a4 + 8.

Prove all statements you make.



3. (35 points) Define what is meant by a Lebesque-measurable set and a Borel
measurable set in R. Let /\ be Lebesgue measure on R. Prove the following
statements:

(a) The union of two Lebesgue measurable sets is Lebesgue measurable.

(b) If E is Lebesgue-measurable, then given € > 0, there is an open set U and
a closed set F' such that ¥ C E C U and

MU\E) <e, AE\F)<e

(c) For every Lebesgue-measurable set E, there is a Borel measurable set B
-such that £ C B and A\(E) = A(B).

4. (25 points) Let ¢ : [O 1] — [0,1] be the Cantor ternary function. Deﬁne
f:00,1] = R by f(z) := &(¢(z) + ) for all z € [0, 1].

(a) Show that f is a homeomorphism of [0, 1] onto itself.

1

(b) Show that f maps the Cantor set onto a set of Lebesgue measure 5

(c) Show by example that if g : [0, 1] — [0,1] is contmuous and A : [0,1] — [0, 1]
is Lebesgue measurable, then ho g : [0,1] — [0, 1] may not be Lebesgue
measurable. Is i o g Borel measurable if h is Borel measurable?

5. (35 points) Define what is meant by a Vitali covering of a subset £ C R.
State (without proof) the Vitali Covering Lemma.

(a)Suppose that the function f : [a, b] — R is absolutely continuous on [a, b] and
f'(z) = 0 for almost every = € (a,b). Prove that f is constant everywhere
on [a,b].

(b)Show that there is a unique absolutely continuous g : [0,1] — R such that
9(0) = 0 and ¢'(z) = 1 for almost every z in (0,1). Does uniqueness hold if
g is allowed to be of bounded variation on [0, 1]7 If yes, justify your answer;
if no, give a counterexample.



6. (25 points) Let LP := LP(0,1),1 < p < oo, be the set of all Lebesgue-
measurable functions f : (0,1) — R such that |f|? is integrable with respect to
Lebesgue measure A on (0, 1). Define the associated LP-norm || - ||,

(a) Show that the class of all simple functions is dense in LP.

(b) Prove that L? C L? if p < ¢q. Show also that the inclusion map L? — L? is
continuous linear.

(c) Prove that L* C LP forallp > 1.
(d) Show that Jim | fllp = || f|lec for each f € L.

7. (30 points) State Fatou’s Lemma, Lebesgue’s Dominated Convergence Theo-
rem and the Monotone Convergence Theorem. Use the Monotone Convergence
Theorem to prove Fatou’s Lemma. :

Let fp: R — [0,00),n > 1, be a sequence of non-negative intergrable func-
tions on R such that f, — f almost everywhere, and f is an integrable function
over R. Suppose that

dim, [, folo) do = [ f(z)

Show that for any measurable set E, one has

Jixg, [ fo(2)do = [, ()
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Solve 8 of the following 10 problems. Note that m is Lebesgue measure on the real line R.

1. Let f, : IR — R be Lebesgue integrable for n =1,2,3,.... Suppose that

Z/|fn|dm<+oo.
n=1 R

Prove that f,(z) — 0 for almost every = € R.

2. Let (X, B, A) be a finite measure space. Suppose that p is a finite measure on (X, B) that
is absolutely continuous with respect to A; that is, if A € B satisfies A(4) = 0 then p(4) = 0.
Prove that for every € > 0 there exists a § > 0 such that

1(A) < e whenever A € B satisfies A(4) < 4.

3. Let ¢, : [0,1] — [0, 00) be monotone increasing for n = 1,2,3,.... Suppose that the series

Z Pn(z) = f(2)
n=1

converges for all z € [0, 1].

a. Prove that f’ and

exist almost everywhere and are Lebesgue integrable.

b. Prove that

F Z ¢, ae.
n=1
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4. If J C [0,1] is an interval let £(J) denote the length of J. For A C [0,1] define

N
X (A) =inf > L(Jx),
k=1

where the infimum is taken over all N and all finite families of intervals that satisfy

N
AC UJk.

k=1

a. Prove that A* is finitely subadditive.

b. Prove that A* is not countably subadditive.

5. For s a positive real number and A a subset of the reals define
oo o0

H(A)=inf{ > (b —a;)° : A C (J(aj,))
j=1 i=1

a. Prove that H} is an outer measure on R.
b. If s > 1 show that Hf(A) = 0 for every A C R.
c. Let C be the Cantor set. Show that H:(C) = 0 if s > logs 2.

6. Let f: R — R be bounded and Lebesgue measurable. Suppose that there are constants
A > 0 and a < 1 such that

m{mER:|f(m)|>e}<§a

for every € > 0. Prove that f is integrable over R.

7. Let Ep C R be a sequence of Lebesgue measurable sets that satisfies

o0

Z m(Ey) < +00.
k=1

Prove that there is a Lebesgue null set N such that every z € R\N is in at most a finite
number of sets Ey.
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8. Forn=20,1,2,3,... and £k =0,1,2,3,...,2" — 1 define
1, i<z < B

Py (2) = { 0, otherwise.
Thus f(x2n) is the characteristic (or indicator) function of the interval [k/27, (k + 1)/27).

a. For each z € [0,1) compute the following limit or show it does not exist. Justify your
answer.

lim f;(z).

j—roo

b. Let ¢ : [0,1] — R be continuous. Compute the following limit or show it does not exist.
Justify your answer.

lim [ ¢f;dm.
o Jjo,1)

c. Does f; converge in measure? If so find the function it converges to and prove that it
converges in measure to that function. If not prove that it does not converge in measure.

Forn =1,2,3,... define

2n—1

gn(@) =D 2P 1 pam ().

k=0

f gn dm
[0,1]

lim gndm = 2.
I J0,1]

d. Compute

and prove that

e. For each z € [0,1) compute the following limit or show it does not exist. Justify your
answer.

lim gn(z).

—ro0

f. (Extra Credit) Let ¢ : [0,1] — R be continuous. Prove that

lim /[;3,1] dgn dm = 2¢(0).

n—roo
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9. Let f be a real-valued function on the measure space (X, B). For each ¢t € R, define the
set

B(t):={z € X : f(z) < t}.
If f is measurable then, for each ¢, B(t) is measurable and

() UB®=x, [B®=0 s<t = B(s)C BQ).

teR telR

a. Prove that

() B(t) = B(s).

s<t

b. Suppose instead that B(¢), t € R, is a family of measurable sets that satisfies (1) and (a).
In this case prove that there exists a unique measurable function f: X — IR such that

B(t) ={z e X: f(z) <t} forallteR.

10. Let f, — 0 a.e. where f, are real-valued Lebesgue measurable functions on [0,1].
Suppose that there is K > 0 such that

/ |fnl?dm < K
[0,1]

for every n. Show that

lim | fn|dm = 0.
1]

n—oo [D,
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Answer all questions. Show all of your work. Please turn in this sheet with your
answers.

The symbol A stands for Lebesgue measure on the real numbers R. The
symbol R* denotes the extended reals. '

1. (30 points) Define Lebesgue outer measure \* on R. Prove the following
statements:

(a) If A C R is bounded, then A*(A) < oco. Is the converse of this statement
true? If yes, prove it; if no, give a counterexample.

(b) If E C [0,1] is a Lebesgue measurable set such that A(E) = 1, then E is
dense in [0, 1].

(c) Suppose E C (0,1) is Lebesgue measurable and A(E) > 0. Then, for any
0 < z < A(E), there is an open interval I C (0,1) such that A(EN1T) = z.
(Hint: Consider the function f(¢) :== A(EN(0,t)), ¢ >0.)

2. (30 points) Define the Lebesgue integral for a bounded measurable function
f : E — R over a measurable set E of finite measure. If g : £ — R is also a

bounded measurable function, prove that

[ +9)(@) de = [ f(z)de+ [ g()de.

3. (30 points) Define what is meant by an extended real-valued Lebesgue inte-

grable function f : R — R*.
If f: R — R* is Lebesgue integrable and € > 0, prove that there is a
measurable set & C R such that A(E) < oo and fEc |f(z)|dz < e. (E° denotes

the complement of £ in R.)



sin &

for all z > 0. Show that

Define the function f: (0,00) — R by f(z) :=
f is not Lebesgue integrable over (0, 00).
o 1)
(Hint: Consider the series Y / ) (sinz/z) dz.)

n=0 1"

4. (35 points) Define what is meant by convergence almost everywhere, conver-
gence in measure and convergence tn mean for a sequence of measurable functions
Hh:R>R, n>1

Consider the sequence of functions f, : R — R, n > 1, defined by f.(z) :=
Lnms1)(T), 2 € R, n > 1, where 1j, 1) is the indicator function of the interval
[n,n 4+ 1]. Does the sequence {f,}32; converge almost everywhere? Does it
converge in measure? Does it converge in mean? Justify your answer in each
case.

5. (40 points) State Fatou’s Lemma and the Monotone Convergence Theorem.

Use Fatou’s Lemma to prove the Monotone Convergence Theorem.
Let fn: R — [0,00], n > 1, be a monotone decreasing sequence of Lebesgue

measurable functions such that fp, is integrable for some ng > 1. Prove the
following statements:

(i) For each n > ng, fy is integrable on R.

(ii) There is an integrable function f : R — [0, 00] such that {f.(z)}%, con-
verges to f(z) for a.e. z € R.

(iii) /R f(z)dz = lim /R F:dz) da.

Show by example that the requirement that fy, is integrable for some ng > 1
is necessary for statement (iii) to hold. (Hint: Consider the sequence f, :=

Linoo)y M 2 1.)

6. (35 points) Define what is meant by a Vitali covering of a subset & C R.
State (without proof) the Vitali Covering Lemma.

Suppose that the function f : [a,b] — R is absolutely continuous on [a, b] and
f'(z) = 0 for almost every z € (a,b). Prove that f is constant everywhere on

[a, b].




