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MATH 250 - REVIEW TOPIC 9

Trigonometric Substitutions

In Calc I you were introduced to the concept of using substitutions to evaluate
integrals. This section discusses certain trig substitutions that will be extremely
useful when studying integration techniques in Calc II. The following examples
illustrate the main idea: use trig identities to make two terms reduce to one.

Consider the expression v/1 — 22. Is there some way to manipulate this expression
so that the radical disappears and something simple is left? One way to make
the radical disappear is to collapse the two terms under the radical sign to one
term (this is the key!). This will happen if we let x = sinf. This is called a trig
substitution for . Then 1 — 22 = 1 — sin*# = cos®# (the two terms collapse to

one). Thus,
V1—22=1+1—-sin?0 = Vcos20 = cosf

T 7
Trig substitution: x = sin @, ) <0< 5

(9.1)

Two Questions: Why did we say —— < 0 < —, and why is v cos? 0 = cos 6 and not

| cos 6|?

s
2

N[ 3

First, v1 — 22 requires 2> < lor —1 < z < 1. If x = sinf, then —1 < z < 1
matches —g <H< g For these values of 0, cos > 0. Thus, |cosf| = cos¥.

Note: In (9.1) we could have made the substitution x = cosf, 0 < 6 < 7, but
opted for setting x = sin # instead.

Next, consider /1 + x2. What trig substitution for x will lead to a simpler expres-
sion? If we let x = tan@, then 1 + 2% = 1 + tan®6 = sec*d (again the two terms
collapse to one). Thus

V1+22=+v1+tan’0 = \/sec2<9—sec€

Trig substitution: x = tan#, —§ <0< §

(9.2)

For (9.1), —g <0 <

Do X

For (9.2), we wrote instead —g < 0 < g Why?



Math 250 T9-Trigonometric Substitutions Page 2

The expression /1 + 22 allows x to assume any value. By looking at the graph
of x = tan# (Math 150, Review Topic 13), we see that x assuming any value is

T T
equivalent to € being in the interval ) <0< ok For € in this interval sec > 0,
and so Vsec? ) = |secf| = sech.

As a third example, consider v 22 — 1. What trig substitution for z will make this
collapse to one term so that we can “get rid of” the square root? As you probably
guessed, let z = sec. Then

Va2 —1=+/sec2f — 1 = Vtan? = tand
3T (9-3)

Trig substitution: z =sec, 0 <0 < g or m<0< >

In order to understand the intervals for 6 as stated in (9.3), we need to review
the graphs of secf and tanf. The expression Va2 — 1 requires 22 > 1 = |z| >

l=2>1orax < —1. Forajz1,Se09hasthedomain0§6<g. For

x < —1, secH has the domain 7 < 6 < 3% On these 0 intervals, tand > 0. Thus

Vtan? 0 = |tan 0| = tan.

Equations (9.1), (9.2), and (9.3) illustrate the basic trig substitutions. In each case,
setting © = a trigonometric function of # in a certain interval causes two terms to
collapse to one and leads to a simpler representation. Equation (9.1) is based on
the identity 1 — sin®@ = cos?#, (9.2) on the identity 1 4 tan?6 = sec?6, and (9.3)
on sec’f — 1 = tan? 0.

Notice that the starting expression containing x in (9.2) has a “+” sign between
1 and 22, while (9.1) and (9.3) have minus signs between 1 and x?. Also, for (9.1)
the x term is after the minus sign whereas for (9.3), the z term is in front of the

minus sign.

How can these substitutions be extended to more complicated situations? We will
give a partial answer to this question. The complete answer will come in Calc II.

Example 9.1. Consider the expression (4 — 2?)3/2., What trig substitution for z
works here? Should we try the form (9.1), (9.2), or (9.3)7
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Since the variable is after the minus sign, our problem fits the form (9.1). However,
x = sin # won’t work. We need a coefficient in front of sin §. So, we set x = (7) sin 6
and find the coefficient (7) as follows.

4—:52:4(1—%2):4(1—<g>2>:4(1—( )2).

Notice that we manipulated to get the “1”7 in (1—( )?). Next we let ( ) = g = sin 6
which implies
r = 2sin6. (9.4)

Then (4 — 2%)%? = (4 — 4sin®0)*? = (4(1 — sin® 6))3/2 = (4cos?0)3? = 8cos’ 0.
(The algebra involving substitutions like this is introduced in Review Topic 4.)

Exercise 9.1:  Simplify the following expressions using trig substitutions of the
form (9.1), (9.2), or (9.3).

(a) (5132 + 9) (b) (2 — x2)3/2 Answers

(C) (5132 — 5)3/2 (d) vV1— 42 (e) V16 — 81z2 Answers

4
Hint: for (e) let x = 9 sinf. How would you determine = without the hint?

Let’s return to Example 9.1. We began with v/4 — 22 and made the trig substitution
xr = 2sinf. In the course of evaluating an integral in Calc II using this trig
substitution, you might have to find an expression for tanf or cosf in terms of
x, Whersec x %p% How would you do this? Easy! Since z > 0, x = 2sinf means

sinf) = — = —— . This gives the following picture.
2 hyp.

?
Fig. 9.1.

By the Pythagorean Theorem, the unknown third side is v/4 — 2. Thus,
x Vi — 2?2

tan = ———, cosf =
2

V4 — 22

, etc.
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Exercise 9.2: Exercise 9.1(i) asks you to simplify the expression x? + 9. This
requires the trig substitution x = 3tanf. Given this substitution, find sinf and
cos @ in terms of x. Assume x > 0. Answer

Exercise 9.3: (Optionall) The following integral is a type you will study in Calc
II. (We thought you might be interested in seeing how a trigonometric substitution
actually works in integration.) If you have some time, try it. Once you determine
the trig substitution, the rest of the problem follows from Calc I concepts.

A /1 2
Evaluate / —2x dx. Answer
T

Alternate Method for Trig Substitutions

There is an alternate method for determining what trig substitution of the form
(9.1), (9.2), or (9.3) is correct when we know = > 0. It is based on Fig. 9.2 below.

Pythag. Thm. c=+Va?+ b?
b i =a®+ b

\
a b= VE— @

Since a and b are interchangeable,

we do not need a third form.

Fig. 9.2.

Consider the expression v9 — x2. Since the variable is after the minus sign, the
correct substitution has the form (9.1); i.e., = (7)sinf. What is the coefficient?
Well, (9 —2?) is the difference of two squares (like ¢ —b? in Fig. 9.2). Think of 9 as
the square of the hypotenuse and the variable term z? as the square of the vertical
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leg. So we have the picture below.

Fig. 9.3.

x
Since we are interested in sin #, we write sin § = 3 Solving for x yields z = 3sinf,

which is the desired trig substitution. Then

V9 — 22 =1/9— (3sin0)2 = V9 — 9sin?0 = V9 cos2 § = 3 cos¥.

Remark 1: In the expression v9 — 22, we said to think of 9 as the square of the
hypotenuse and z? as the square of the vertical leg. What if we tried to make z?
match the horizontal leg, as below?

This would lead to cosf = f or x = 3cosf, which would work. However, we said

earlier that we opted to use a substitution based on sinfl. To get a substitution
involving sin #, * must match the vertical leg as in Fig. 9.3.

Remark 2: The third side of the triangle in Fig. 9.3 is /9 — 22, which is our
starting expression. This is no accident! It also means that Fig. 9.1 and Fig. 9.3
describe the same type of situation.

Example 9.3. What is the correct trig substitution for = to simplify (x> — 7)3/2?

This example has the form (9.3), a variable followed by a minus sign. (This means
our substitution has the form z = (?)sec.) As above, we match x? and 7 with the
sides of a right triangle. Because of the minus sign, 22 should represent the square
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of the hypotenuse, but this time 7 is the square of the horizontal leg (like ¢? — a?

in Fig. 9.2). Since we are interested in secf, we write

Fig. 9.4.

hyp.
Thensecézﬂ—i,or

adj. /7
x=+Tsecf (The desired trig substitution).
So,

3/2

O () (s e

— (7tan?0)%? = 72 tan’® 6.

Remark 3: Letting 7 be the square of the vertical leg in Fig. 9.5 leads to a
substitution involving csc 6.

We present one more example.

Example 9.4. Simplify (1 + 222)% with a trig substitution.

This problem fits the form (9.2) since there is a plus sign between 1 and 2z, Once
again, we match 1 and 2z? with the sides of a right triangle. The plus sign in
(1 + 22%) means that 1 and 22? correspond to the legs. Since we are interested in
a substitution of the form (9.2) which involves tan 6 and since tan 6 = opp/adj, we
let 222 represent the square of the vertical (opp) leg and 1 represent the square of
the horizontal (adj) leg as in Fig. 9.5. (Reversing this would lead to a substitution
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involving cot #.) Our picture now becomes

V2

1
Fig. 9.5.

Fig. 9.5 implies
_ tand

tanf = 2z, or z= :
V2

This is our desired trig substitution which should simplify our starting expression.
Let’s plug it in and see.

(1+22%)° = (1 +2 (t?;l;y;)

= (14 tan?0)® = (sec? ) = sec’ 4.

As in all the previous examples, our trig substitution has reduced two terms raised
to a power to one term raised to a power.

Exercise 9.4: Simplify the following expressions using the Alternate Method and
trig substitutions of the form (9.1), (9.2), or (9.3).

a) Vb — 22 (b) (3562 + 4)3/2 Answers

Beginning of Topic  Review Topics 250 Skills Assessment
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Simplify the following expressions using trig substitutions of the form (9.1),

(9.2), or (9.3).

(a)

(22 +9) (b) (2 — 2?)3/?

Answers:

This corresponds to the form (9.2). We let x = () tan# and solve for
the coefficient () by first manipulating to isolate the “1”, since we
want to match the form tan?6 + 1. Thus,

2

x2—|—9:9(%—|—1) = 9(tan*d + 1)

9 x? T
= tan Q:Eétanézgésc:fﬂtan&

Then,

24+ 9 = (3tand)’ +9 = 9tan’0 + 9 = 9(tan* 0 + 1) = 9sec? .

This has the form (9.1). Again, we want to isolate the “1” first. Thus,
7 -

2 (1 — 5) =2(1 —sin*0) = sin*0 = o= V2sin 6.

This yields:

(2 — x)3? = (2 — (V/2sin 6)2> " = (2 — 2sin% )%

= (2cos? 0)*/% = 232 cos? 6.
(Answers for c), d), and e) are on the next page —>)

Return to Review Topic
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Simplify the following expressions using trig substitutions of the form (9.1),

(9.2), or (9.3).

(c) (2% —5)32 (d) V1 — 422 (e) V16 — 8122

2
Hint: for (e) let x = ﬁsin 0. How would you determine = without the
hint?
Answers:

¢) This has the form (9.3). So we write
&
)

2
$2—5:5<%—1>:5(86029—1)$ —sec’ ) = z = V/5sech.

Then, if x = V5 sec 0, we have
(22 — 5)*% = (5sec? @ — 5)*% = (5tan?6)*? = 5%/ % tan? 4.

d) This has the form (9.1), and so we want to arrive at something involving

in 0
1 —sin? 6. To do this we need 42> = sin?0, or x = % . Plugging this

in we have:
sin 0\ 2 sin® 6
V1—4x2=4]1—-4 ) = 1—14 1 = Vcos?2f = cosb.

4
e) The hint says let z = 9 sin . We get:

4 2 16 sin% 6
\/1681x2—\/1681<§sin6) :\/16—81- 0 sin

81
= \/16 — 16sin?0 = V16 cos2f = 4 cosf.

Return to Review Topic
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Exercise 9.1(i) asks you to simplify the expression 22 + 9. This requires the
trig substitution x = 3tanf. Given this substitution, find sinf and cos 6 in
terms of x. Assume x > 0.

Answer:

x
The subsitution x = 3tanf = tanf = 3 or

This means the hypotenuse = v/z2 + 3. Thus

sinQZL and cosf = 3

NZEEE 213

Return to Review Topic
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V1 — 12
Optional!) Evaluate Yo
( 2
x

Answer:

(This is how you will use trig substitutions in Calc I1.)

Let x = sinf. Then dx = cosfdf. Our integral becomes:

/ V1= sin?fcos 99 [ 008’0 1o _ [ cot* oo

sinZ @ sin 0

:/(CSCQH—I)dH: —cotf — 0 +c.

Now we must put everything in terms of x. The substitution z = sin 6 has
the following picture.

V1 — 22
The missing side has length /1 — 2, which means cotf = Vo7 and

T
0 = sin~!' 2. Thus

V1— 22 V1 — 22
/—Qxd:c:—cot6—6+c:——x—sin_1:c+c.
T T

(See what you can look forward to in Calc I17!)

Return to Review Topic
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Simplify the following expressions using the Alternate Method and trig sub-
stitutions of the form (9.1), (9.2), or (9.3).

a)

Vb — ? (b) (322 +4)%/2
Answers:

Simplify /5 — 22 using the Alternate Method. We draw a right triangle
with v/5 as the hypotenuse and z as the vertical leg.

v

We know our substitution has the form (9.1) which involves sinf. Ac-

cording to the above picture, sinf = % or = v/5sin . Using this as

our substitution yields:

VH—a?= \/5— (V5sinh)2 = /5 — 5sin? 6 = V5 cos? 6 = /5 cos b,

Simplify (322 + 4)3/% using the Alternate Method. We draw a right
triangle with v/3x as the vertical leg and 2 as the horizontal leg.

Vi3

2

Thus tanf = @ = 2tan 6
2 V3

2 3/2 9 3/2
(322 +4)%/% = (3(2135;6) +4> = <3-4ta3n 6+4)

— (4tan? 0 + 4)*/% = (4sec® )32 = 8sec® 0.

. Plugging this in we have:

Return to Review Topic



